In this proceedings I summarize results of QCD trace anomaly from recent three-loop hard-thermal-loop perturbation theory (HTLpt) calculations. I focus on the trace anomaly scaled by T 2 for pure-glue and N = 3 QCD. The comparison to available lattice data suggests that for pure-glue QCD agreement between HTLpt results and lattice data for the trace anomaly begins at temperatures above 8 T while when including quarks (N = 3) agreement begins already at temperatures above 2 T . The results in both cases indicate that at very high temperatures the T 2 -scaled trace anomaly increases with temperature in accordance with the predictions of HTLpt.
Introduction
The slow convergence of the weak-coupling expansion for QCD thermodynamics prevents a straightforward application of perturbation theory at quantitative level to the phenomenology-relevant intermediate coupling regime which is probed in the ongoing ultrarelativistic heavy-ion collision experiments at BNL (RHIC) and CERN (LHC) (see Ref. [1] for a review). The poor convergence of the weak-coupling expansion of thermodynamic functions stems from the fact that at high temperature the classical solution is not described by massless particles, but instead massive quasiparticles due to plasma effects. In this proceedings, I will present the results from hard-thermal-loop * E-mail: nansu@physik.uni-bielefeld.de perturbation theory (HTLpt) which is a gauge-invariant reorganization of the perturbative series for thermal gauge theory [2] . The basic idea of HTLpt is to add and subtract to the original gauge theory action a hard-thermalloop (HTL) effective action, which dresses the propagators and vertices self-consistently so that the reorganization is manifestly gauge invariant [3] . This reorganization of the action systematically shifts the expansion from being around an ideal gas of massless particles to being around an ideal gas of massive quasiparticles. HTLpt thermodynamic calculations for non-Abelian theories have been recently carried out to three loops, aka next-to-next-toleading order (NNLO) [4] [5] [6] [7] [8] and improved convergence comparing to the weak-coupling expansion is found. In the next section I will present NNLO HTLpt results for the trace anomaly in pure-glue and N = 3 QCD focusing on the quantity ( − 3 )/T 2 .
Hard-thermal-loop QCD trace anomaly , the Bielefeld [10] , and the WHOT-QCD [11] collaborations. The N = 2 + 1 QCD lattice data are from the Wuppertal-Budapest [20] , the hotQCD [21, 22] , and the RBC-Bielefeld [23, 24] collaborations. The renormalization scale is taken to be µ = 2πT in the HTLpt results.
Results and discussion
In the panel a of Fig. 1, I show comparison of the trace anomaly scaled by T 2 T 2 for pure-glue QCD between HTLpt results and lattice data from the WuppertalBudapest [9] , the Bielefeld [10] , and the WHOT-QCD [11] collaborations. The solid black line is the NNLO HTLpt result obtained using a one-loop running coupling and the dashed black line is the HTLpt result obtained using a three-loop running coupling. In the case of the threeloop running the lattice determination of T /Λ MS = 1 26 is used to fix the scale [9] . For comparison between the one-and three-loop results we require that both give the same value for the strong coupling when the renormalization scale µ = 5 GeV. Numerically, one finds α (5 GeV) = 0 140553. The difference between one-and three-loop running will be used to gauge the theoretical uncertainty of the NNLO HTLpt results. For both the oneand three-loop running µ = 2πT is taken.
As can be seen from the panel a of Fig. 1 , at low temperatures NNLO HTLpt underpredicts the trace anomaly for pure-glue QCD and only starts to agree at temperatures on the order of 8 T . At high temperatures one sees excellent agreement between the NNLO HTLpt results and the lattice results. It is noted in this context that if one allows for a fit to the unknown perturbative 6 contribution to the pressure, then the EQCD approach can equallywell describe the pure Yang-Mills lattice data down to temperatures on the order of 8 T [12, 13] . The most remarkable feature of the lattice data for the trace anomaly is that it is essentially constant in the temperature range T ∼ 1 1 − 4 T . It has been suggested that this behavior is due to the influence of power corrections of order T 2 which are non-perturbative in nature and might be related to confinement [14] [15] [16] [17] [18] [19] . At temperatures above approximately 4 T the latest Wuppertal-Budapest results show an upward trend in accordance with perturbative predictions [9] . The WHOT-QCD results also exhibit an upward trend, however, it starts at much lower temperatures. This discrepancy could be due to their fixed scale approach not having sufficiently large N τ at high temperatures as noted in their paper [11] .
In the panel b of Fig. 1, I present the NNLO HTLpt trace anomaly scaled by T 2 for N = 3 QCD and compare to N = 2 + 1 lattice results available from the Wuppertal-Budapest [20] , the hotQCD [21, 22] , and the RBC-Bielefeld [23, 24] collaborations. 1 I again show HTLpt results using both one-and three-loop running couplings with the requirement that both couplings give α (5 GeV) = 0 2034 in accordance with recent high precision lattice measurements of the running coupling constant [25] . The lattice data from the Wuppertal-Budapest collaboration uses the stout action and have been contin- 1 The Wuppertal-Budapest data were obtained using a physical strange quark mass; however, we use massless quarks. The difference between massive and massless quarks is expected to be significant only for T < ∼ 32 MeV corresponding to the temperature where the lowest fermionic Matsubara mode equals the strange quark mass. uum estimated by averaging the trace anomaly measured using their two smallest lattice spacings corresponding to N τ = 8 and N τ = 10. The lattice data from the hotQCD collaboration are their N τ = 8 results using the asqtad, p4, and HISQ actions which have not been continuum extrapolated [21, 22] . The lattice data from the RBC-Bielefeld collaboration is N τ = 6 and have also not been continuum extrapolated [23, 24] . As can be seen from the panel b of Fig. 1 for T > 400 MeV, one finds reasonable agreement between the NNLO HTLpt predictions and available lattice results. Below this temperature the Wuppertal-Budapest and hotQCD results do not seem to agree. Therefore, it is difficult to draw conclusions about the efficacy of the HTLpt approach; however, naively one expects that for temperatures less than twice the critical temperature T (∼170 MeV for QCD with N = 2 + 1) that non-perturbative corrections should become increasingly important. From the results presented above, one sees that for pureglue QCD agreement between HTLpt and lattice data for the trace anomaly begins at temperatures above 8 T while when including quarks (N = 3) the agreement begins already at temperatures above 2 T . In both cases, the results indicate that at very high temperatures the T 2 -scaled trace anomaly increases with temperature in accordance with the predictions of HTLpt. In closing I emphasize that the T 2 -scaled trace anomaly is a very sensitive observable. If one were to compare instead the pressure, energy density, and entropy density one finds that, in both cases presented here, HTLpt is consistent with lattice data down to temperatures on the order of 2−3 T [4] [5] [6] [7] . Looking forward I point out that the HTLpt framework is formulated in Minkowski space and is therefore also applicable to the calculation of real-time properties of the quark gluon plasma at LHC temperatures.
